We theoretically study a multi-band Hubbard model of pyrochlore oxides of the form A2B2O7, where B is a heavy transition metal ion with strong spin-orbit coupling, in a thin film geometry orientated along the [111] direction. Along this direction, the pyrochlore lattice consists of alternating kagome and triangular lattice planes of B ions. We consider a single kagome layer, a bilayer, and the two different trilayers. As a function of the strength of the spin-orbit coupling, the direct and indirect d-orbital hopping, and the band filling, we identify a number of scenarios where a non-interacting time-reversal invariant Z2 topological phase is expected and we suggest some candidate materials. We study the interactions in the half-filled d-shell within Hatree-Fock theory and identify parameter regimes where a zero magnetic field Chern insulator with Chern number ±1 can be found. The most promising geometries for topological phases appear to be the bilayer which supports both a Z2 topological insulator and a Chern insulator, and the triangular-kagome-triangular trilayer which supports a relatively robust Chern insulator phase.
I. INTRODUCTION
With the experimental discovery of two 1,2 and three [3] [4] [5] dimensional topological insulators, the study of topological phases has rapidly intensified over the past few years. [6] [7] [8] Significant effort has been directed at the identification of new materials [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] and the role that interactions may play in driving topological phases. [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] In addition, the interplay between magnetism and non-trivial topological bands has also been addressed.
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A number of the studies focused on interaction effects have been directed at topological phases in transition metal oxides. [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] A new direction that has emerged within this area is the search for topological phases at the interfaces of correlated oxides.
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To date, the prediction of topological phases in transition metal oxide interfaces has focused on the perovskite structure [49] [50] [51] [52] [53] ABO 3 , where A is usually a rare earth element, B is a transition metal, and O is oxygen. An undistorted perovskite has a relatively simple cubic structure with natural cleave planes along the [001] and equivalent directions. For this reason, most of the interface and superlattice structures of these materials have been grown along this direction. [54] [55] [56] [57] [58] [59] [60] [61] [62] However, theoretical models suggest that thin films, particularly bilayers and trilayers, grown along the [111] direction are more promising for realizing topological phases. [49] [50] [51] [52] [53] The underlying reason for the increased favorability of topological phases in thin films grown along the [111] direction is the nature of the energy bands (derived primarily from the transition metal d-orbitals and the oxygen p-orbitals): They are both relatively "flat" (i.e. dispersionless) along some directions for certain filling fractions, and they possess flat band touching points in relevant tight-binding models. In two dimensions, flat band touchings are perturbatively unstable to interactions and topological phases often emerge as the leading instability. 23, 50, 52, 63, 64 Flat bands themselves harbor topological phases if their Chern number is non-zero, including the most interesting case of partial band filling. A potential experimental challenge in the implementation of the theoretical proposals [49] [50] [51] [52] [53] for topological phases in the perovskite ABO 3 heterostructures grown along [111] is the difficulty of crystal growth in this direction. As it is not a natural cleavage plane, it is also not a natural growth direction. It is unclear at present whether this issue will become a significant impediment to the exploration of topological phases in oxide thin films and heterostructures, although successful growth of (111)-oriented ABO 3 heterostructures was recently reported. [72] [73] [74] In the meantime, it is prudent to suggest other material systems where strong correlation effects and topological phases are likely to coexist.
In this work we study the potential for realizing topological phases in thin films [see Fig. 1a ] of transition metal oxides of the form A 2 B 2 O 7 , where A is a rare earth element, B is a heavy transition metal ion with strong spinorbit coupling, and O is oxygen. In this class of materials, the energy bands are expected to be derived primarily from the transition metal ion d-orbitals and the oxygen p-orbitals, 40, 42, 43, 48 similar to the ABO 3 perovskites discussed just above. However, in the case of A 2 B 2 O 7 the transition metal ions B reside on a pyrochlore lattice-a corner sharing network of tetrahedra shown in Fig. 1c . Among these stackings, the bilayer and TKT trilayer are found to be the most promising for realizing robust (to model Hamiltonian parameters) Z2 topological insulator and Chern insulator (zero magnetic field quantum Hall) phases.
In this paper we explore the favorability of topological phases in heterostructures grown along the [111] direction with a geometry such as that shown in Fig. 1a . The "bread slices" of the "sandwich" composed of the material A 2 B' 2 O 7 , would ideally be a non-magnetic band insulator which would differ from the thin-film layer only in the "B" element to minimize lattice strain effects.
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We consider a central thin-film layer that could consist of: (i) a single kagome layer, (ii) a triangular-kagome bilayer, (iii) a triangular-kagome-triangular trilayer (TKT), and (iv) a kagome-triangular-kagome trilayer (KTK). These thin film structures are shown in Fig. 2 . We study a multi-band Hubbard model with an on-site atomic spinorbit coupling of the L · S form, Eq. (1). The interactions are included with the standard on-site Hubbard term, Eq. (3), and we treat them within the unrestricted Hatree-Fock approximation.
Our main results are that we find d-shell filling fractions in all systems studied that favor Z 2 time-reversal invariant topological insulators (TI) at small and vanishing interactions. The specific filling fractions in each system that support a TI phase are shown in Figs. 3-6, along with representative band dispersions along highsymmetry directions for two values of spin-orbit coupling and two values of hopping parameters. In order to compare our results for the case of arbitrary interactions with those obtained in bulk A 2 B 2 O 7 pyrochlores 46,48 we focus on the case of strong spin-orbit coupling and a half-filled d-shell. Our main results for the non-interacting case are summarized in the phase diagrams in Fig. 7 and for the interacting case are summarized in the phase diagrams in Fig. 8 [76] [77] [78] Undoubtedly there are others, and we hope material growth experts will pick up the thread and apply their own expertise to suggest the most promising candidates.
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Our paper is organized as follows. In Sec. II we describe the effective tight-binding model we consider, which includes an atomic spin-orbit coupling term that drives topological insulator phases and both direct dorbital hopping between transition metal ions and the more commonly considered indirect d-orbital hopping via the oxygen p-orbitals. We present phase diagrams and band structures for a variety of representative thin films. In Sec. III we include an additional on-site Hubbard interaction that we study within the Hartree-Fock approx-imation. We present phase diagrams for the case of halffilled d shells for a variety different thin films and highlight the conditions that favor interaction-driven topological phases with a non-zero Chern number. In Sec. IV we present the main conclusions of our work, and in the appendicies we provide some technical details related to computing the direct d-orbital hopping parameters on the pyrochlore lattice (including the thin film geometries we consider) and the mean-field calculation.
II. EFFECTIVE TIGHT-BINDING MODEL
As we mentioned in the introduction, we are focused on the physics of the thin film A 2 B 2 O 7 layer shown in Fig. 1a . We consider the four varieties of films shown in Fig. 2 . The "capping" layers A 2 B' 2 O 7 are assumed to be electronically inert, and this assumption has been substantiated in closely related density functional theory (DFT) studies in the ABO 3 perovskite films.
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The transition metal ions B in A 2 B 2 O 7 reside on a three-dimensional pyrochlore lattice [see Fig. 1c ] in which each B atom is centered in an octahedral cage of oxygen atoms. The transition metal ion B is thus subjected to a cubic crystalline field which splits the d-orbitals into a lower-lying t 2g manifold and a higher lying (typically on the order of a few electron volts) e g manifold. 43, 81 If spin-orbit coupling is also present as we assume here, it further splits the t 2g manifold into a lower-lying j = 3/2 manifold and higher-lying j = 1/2 manifold, with the size of the splitting given by the size of the spin-orbit coupling. 81 To the lowest order, the spin-orbit coupling does not affect the e g manifold, though at second-order virtual transitions to the t 2g manifold do lead to an effective spin-orbit coupling within the e g manifold. In this work, we will focus our attention primarily on a transition metal ion d-shelling filling of 6 electrons or less, which means we will focus on the t 2g manifold. In the captions of Figs. 3-6 we have used t 2g filling fractions for convenience of counting the bands. This must be converted to a total d-shelling filling when considering actual materials by simply writing the t 2g filling in the form y/6 and then dividing y by 10. For example, a t 2g filling of 5/6 is a total d-shell filling of 5/10=1/2, and a t 2g filling of 7/9=(2*7/3)/6 is a total d-shell filling of (2*7/3)/10=7/15. We note that a half-filled d-shell corresponds to a half-filled j = 1/2 shell when spin-orbit coupling is present.
Throughout this work, we will focus on 4d and 5d transition metal ions. For these ions, the spin orbit-coupling is large-up to 2-4 times the value of the nearest neighbor hopping in the structures we consider. 41, 49 The starting point of our study is a tight binding model of the d electrons with an atomic spin-orbit coupling. Although the 4d and 5d orbitals are rather localized compared to s and p-type orbitals, they are still rather delocalized compared to 3d orbitals and their direct overlap may be appreciable for the systems of interest here. We therefore include it 46, 48 in addition to the indirect hopping via the oxygen orbitals. ; (d) 5 6 .
The non-interacting Hamiltonian we consider is
where the d-orbital hopping takes the form 46,48
The hopping parameter Eq. (2) contains both an indirect and a direct hopping term between the d-orbitals.
The details of the indirect hopping on the pyrochlores A 2 B 2 O 7 , which is mediated by intermediate oxygen pstates, are given in Refs. [40] [41] [42] and the details of the direct hopping are summarized in App. A. The operator c † iα creates a d-electron on site i with spin and t 2g orbital state α, while the operator c jβ annihilates a d-orbital electron on site j with spin and t 2g orbital state β. The matrix elements Eq. (2) are diagonal in the spin degree of freedom. In the presence of spin-orbit coupling in Eq. (1), it is however convenient to rotate the spin quantization axis to the local frame, in which case the effective hopping parameters become spin-dependent. Here, λ > 0 is the intrinsic spin-orbit coupling in the system which acts within the t 2g manifold so |l| = 1, and s i is the spin of the electron in a t 2g d-orbital on site i. [40] [41] [42] In the 5d oxides, the strength of the spin-orbit coupling is estimated to be 0.2-0.7 eV and the hopping strength is on the order of 0.4-0.6 eV. 39, 42 In order to cover the physical ranges and emphasize the physics associated with strong spin-orbit coupling, we will consider λ/t in the range of 2-4, with t the strength of the hopping between d-orbitals mediated by the oxygen (indirect hopping). [40] [41] [42] The hopping t will set our reference energy scale in this paper. ; (b) The direct hopping is parameterized by the strength of the σ-bonds, t s , and the π-bonds, t p (see App. A). Following Refs. [46 and 48] , we consider a set of representative ratios to explore a realistic parameter space: We set t p = −2t s /3 and consider the cases of t s = −t and t s = t. For the bilayer system shown in Fig. 2 , the phase diagrams in Fig. 7 illustrate the evolution of the ground state of the system as a function of t p and t s for two representative values of spin-orbit coupling at a total d-shell filling of 5 electrons. ; (c) 13 21 ; (d) 13 21 , 15 21 .
Our main results for the band structure of Eq. (1) are shown in Figs. 3-6. Light green (gray) lines indicate filling fractions for which the system is a Z 2 TI, and the width of the line is proportional to the size of the gap at that filling. We note that the bilayer system is not inversion symmetric so one must use a more general formulation 82 to compute the Z 2 invariant than the parity eigenvalues at time-reversal invariant momenta. 83 The numerical values of the t 2g filling are given in the figure captions, and can be converted to the total d-shell filling as described a few paragraphs above. This information can be used by experimental groups to help identify candidate materials for the A 2 B' 2 O 7 /A 2 B 2 O 7 /A 2 B' 2 O 7 sandwich structure. We note that in order to obtain some of the desired filling fractions for topological phases, it may be necessary to use two different A-site elements to create structures of the form
and tune x appropriately. This is necessary in order to obtain a naive "fractional" filling of the t 2g -orbitals of the type 7/9, 8/9, 3/4, etc. in which the fraction is not of the form n/6 for some integer n.
A few general patterns emerge from Figs. 3-6. First, while for the case of t s = −t the j = 1/2 and j = 3/2 manifolds are already clearly separated for λ = 2t, the λ → ∞ limit is well approximated by λ = 4t because the separation of the upper j = 1/2 and lower j = 3/2 manifold is large compared to the typical band widths already for λ = 4t. Second, for t s = t the j = 1/2 and j = 3/2 manifolds are not well separated even for λ = 4t. Third, it appears that both the cases t s = −t and t s = t are equally favorable for finding topological phases, both in terms of the number of filling fractions that admit a Z 2 TI and in terms of the sizes of the bulk gaps that the TI would possess. Fourth, we find that the simpler sandwich structure with only a single A-site element will only realize a Z 2 TI in the bilayer at t 2g filling fraction 5/6 (a half-filled d shell, and a half-filled j = 1/2 manifold in the λ → ∞ limit). This is because the bilayer is the only system with an even number of lattice sites in the unit cell and hence, the band structure can be gapped for a half-filled d shell. If one expands the class of systems considered to include the A 2 B' 2 O 7 /A 2(1−x) A' 2x B 2 O 7 /A 2 B' 2 O 7 -type structure, our results suggest that one might be able to find Z 2 TI with a larger bulk gap. We caution, however, that a more accurate estimate of the bandstructure should be obtained within density functional theory.
As the bilayer shown in Fig. 2 is the only system that exhibits a Z 2 TI for for a sandwich structure of the form Fig. 7 . Overall, the phase structure as a function of the parameters t s and t p is complicated, as might have been anticipated from earlier work. 69 However, it is clear that a larger spin-orbit coupling does favor expanded regions of a TI phase.
Thus far, we have only considered the non-interacting Hamiltonian (1). We will now add interactions to the Hamiltonian and see how this changes the overall picture presented above. Our main result is that interactions will drive magnetic order in the system which can give rise to a zero magnetic field quantum Hall state known as a Chern insulator or quantum anomalous Hall state.
III. THE INTERACTING CASES
Many of the bulk pyrochlore transition metal oxides exhibit magnetic phases 79 and these phases are ultimately driven by electronic interactions. It is thus important to consider the effect of interactions on the non-interacting results we presented in Sec. II. To do so, we will add a Hubbard U term to Eq. (1) and consider only the j = 1/2 manifold by assuming the j = 3/2 manifold is well separated in energy (i.e., spacing is large compared to U ),
where ↑, ↓ refer the j z projections in the j = 1/2 manifold. In our calculations, we further assume a half-filled d-shell (equivalent to a half-filled j = 1/2 manifold). We study the problem within the Hartree-Fock approximation at zero temperature. In this approximation,
, where
αβ=↑,↓ c † iα σ αβ c iβ . The j i is proportional to the spontaneous local moment of the d-orbitals. 48 We mesh the two-dimensional Brillouin zone with a 150 by 150 grid of points and compute the band structure and the unrestricted local magnetic moments j self-consistently. Details of the calculation are given in App. B. The resulting phase diagrams for a half-filled d-shell are shown in Fig. 8 . For gapped phases with zero magnetic moments (where time-reversal symmetry is preserved) we compute the Z 2 invariant from the formulation of Ref. [82] . For the gapped phases that break time-reversal symmetry, we compute the Chern number. 84 When the Chern number is nonzero (due to the non-trivial topological feature of the bulk bands) the system is guaranteed to possess gapless edge modes which support a quantum Hall effect.
A few features of Fig. 8 are worth calling attention to. First, for all systems and tight-binding parameter regimes considered, there is finite range of U for which the system remains time-reversal invariant, while for U 3.0t all systems have become magnetic, as expected for sufficiently large U . The particular value of U for which this happens depends on the density of states at the Fermi level if the system is metallic (if larger, then critical U is smaller), or the magnitude of the gap if the (3) with (a) ts = −t, (b) ts = 0.25t, and (c) ts = t for a t2g filling of 5/6 (a total d-shell and j = 1/2 filling of 1/2) in the limit of strong spin-orbit coupling. Here M is a metal, I is an insulator, TI is a topological insulator, MC is a magnetic metal, MI is a magnetic insulator, and CI is a Chern insulator (zero magnetic field quantum Hall state). The most robust Chern insulator is in the TKT structure for ts = −t. Note that there is a small region of the Chern insulator in the bilayer system for ts = t around U/t ≈ 2.5 near the end of the TI phase.
system is gapped (a larger gap will have a larger critical U ). These features can be seen by comparing the critical U values in Fig. 8 with the band features in Figs. 3-6. As illustrated in Fig.9 , we observe a second-order (or weakly first-order) transition between the non-magnetic and magnetic phases in the systems that possess a Chern insulator phase. For the other systems (and parameter regimes), the magnetic transitions (not shown) most often appear first order. Second, the Hubbard interaction U never has the effect of shifting the bands around in such a way to obtain a Z 2 TI; if U = 0 is not already a Z 2 TI one is not later obtained by increasing U . Third, the bilayer is the only system for a half-filled d-shell that possess both a TI and a Chern insulator. However, the TKT system for t s = −t is an excellent candidate for realizing the much sought after zero magnetic field quantum Hall state, the Chern insulator (also known as quantum anomalous Hall state).
In Figs. 10-12 we detail the band structure as a function of U for different systems and tight-binding parameter values to show which band features correspond to various transitions in the phase diagrams in Fig. 8 . We note that the band dispersions are generally quite different from their non-interacting counterparts in Figs. 3-6 . Figure 10 shows the evolution of the bands around U ≈ 2t where the M→MC→MI transition occurs in the kagome layer for t s = t, and around U ≈ 0.9t where the I→MC→MI transition occurs in the bilayer for t s = −t. Band features in the bilayer t s = t transitions TI→MI→CI→MI and in the bilayer t s = 0.25t transition TI→MI are shown in Fig. 11 . In the case of the bilayer, inversion symmetry is broken resulting in a dispersion from Γ → K being generally different from the dispersion from Γ → K ′ , so we have plotted both. Finally, in Fig.12 we show the band evolution for the M→MC→CI transition in the t s = −t for a TKT layer.
It is interesting to supplement the information about One striking feature is that the sign of t s affects the magnetic order. This is evident as well in closely related three-dimensional studies. 48 The magnetic moments point in different directions on different sites of the unit cell which reduces the overall magnetization.
Yet, we observe in general a net magnetic moment, see Fig. 9 .
FIG. 14. (color online)
The two kinds of magnetic configurations for a TKT layer: (a) ts = −t, U = 3.0t, (b) ts = t, U = 3.0t and for a KTK layer: (c) ts = −t, U = 2.5t, (d) ts = t, U = 3.0t. In (a), the moments 4,5 are antiparallel to each other, and perpendicular to the 123 plane. In (b), the moments 4,5 are antiparallel to each other, and parallel to the 123 plane. One moment in 123 will lie in the same plane as moment 4,5, and the other two moments will point in an almost opposite direction. In (d) the moment 4 is parallel to the 123 plane.
A final point worth emphasizing before moving to the conclusions is that all the magnetic orders shown in Figs. 13-14 are non-coplanar. This condition can be favorable for obtaining a Chern insulator, but is not strictly required in a mult-band system. 50, 51 In fact, the physics of the Chern insulator we obtain in our Hartree-Fock approximation is rather similar to the large exchange limit studied in Ref. [85] . In both cases, the "spin" of the electron is forced to adiabatically follow the local moments residing on the lattice.
IV. CONCLUSIONS
In this paper, we extended previous work of perovskite heterostructures [49] [50] [51] [52] [53] grown along the [111] direction to pyrochlore heterostructures grown along [111] . Because (111) and equivalent planes are natural cleavage planes of the pyrochlore systems, it is expected that [111] is a good growth direction. We focused on sandwich structures where the electronically active region is confined to a quasi-two dimensional few-layer system as shown in Fig. 2 . The analysis of the relevant tight-binding models for the d-shell electrons in the presence of spin-orbit coupling revealed that the bilayer system is the most promising candidate to realize a TI phase for a half-filled d-shell (as, e.g., realized in pyrochlore iridates). For the other systems, TI phases occur at "fractional" fillings which would require one to adjust the d-shell electron occupation by considering systems of the form A 2(1−x) A' 2x B 2 O 7 for the electronically active region.
The effect of the electron-electron interaction was studied within the Hartree-Fock mean-field theory. We found that the electron-electron interaction in general stabilizes magnetic order with non-planar local moments. 48 Interestingly, we have also identified parameters at intermediate interaction strength where a Chern insulator coexists with magnetic order. Within our self-consistent calculation we find that the TKT structure is the most likely system (among those we considered) to realize such a zero-magnetic field quantum Hall state.
While our work based on semi-realistic lattice models revealed several scenarios to obtain topological phases in layered pyrochlore oxide thin films grown along the [111] direction, it also suggests that the expected energy scales (i.e. the gap) of these phases are in general small. Moreover, both the weakly interacting phases as well as the type of magnetic order at larger interactions crucially depend on the details of the hopping parameters. In the future, it is therefore desirable to incorporate band structure calculations based on the densityfunctional theory to have better estimates of the hopping parameters and the strength of the interaction (relative to the band width) needed to obtain a Chern insulator phase.
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The procedure to obtain the indirect hopping t in iα,jβ between the t 2g electrons on the pyrochlore lattice mediated by the intermediate oxygens was discussed in Ref. [40] . Due to the extended nature of the 5d orbitals, we also consider the direct overlap between the d orbitals which yields an additional contribution to the hopping matrix t dir iα,jβ . 48 In the following, we discuss the derivation of t dir iα,jβ .
Note that the oxygen octahedra enclosing the transition metal ions are rotated with respect to each other at different sites of the unit cell. The splitting of the vacuum d levels into the t 2g and e g manifolds results from the local octahedral crystal field. Hence, the t 2g orbitals are defined with respect to the local frame. Following the convention in Ref. [40] , the transformation to the local coordinates are
where (x, y, z) are the coordinates in the global reference frame and (x i , y i , z i ) are the coordinates in the local frame at site i. The index i = 1, 2, 3, 4 labels the sites in the unit cell of the pyrochlore lattice. [40] [41] [42] Explicitly, the rotation matrices are given by
For later use, we also give the corresponding Euler angles in the convention of Ref. [87] :
α 4 = arccos(−2/3),
The general procedure to obtain the direct overlap is to expand the local t 2g orbitals in the d-orbitals of the global frame from which the hopping amplitudes are obtained through the use of the Slater-Koster integrals.
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To expand the local t 2g orbitals in the global frame, we make use of the transformation law of spherical harmonics under a rotation with Euler angles (α, β, γ):
−imγ is a (2l + 1)×(2l+1) dimensional rotation matrix and the elements d l m ′ m (β) are given in Ref. [87] with l = 2. To proceed, we introduce the standard real orbitals 
With the above matrices, the direct hopping between the t 2g orbitals from site j to site i is written as
Here, the matrices D i account for the rotation to the local frame in spin space as described in Refs. [40] [41] [42] . S dd (ê ij ) is the 5 × 5-matrix containing the Slater-Koster integrals between d-orbitals along the unit directionê ij between site j and i and is parameterized by (ddσ), (ddπ), and (ddδ). Because the δ-bonds are typically small, we only keep the σ and π-bonds and introduce the parameters t s ≡ t σ = (ddσ) and t p ≡ t π = (ddπ) to quantify the direct hopping.
Appendix B: Some details of the Hartree-Fock mean-field calculation
We studied the interacting half-filled d-shell within the unrestricted Hartree-Fock mean field theory. A typical calculation starts from twenty different randomly generated initial magnetic configurations j in which define the initial mean-field Hamiltonians via the mean-field decoupled version of the interaction Eq. (3) together with the non-interacting Bloch Hamiltonian Eq. (1) (projected to the j = 1/2 manifold).
For a given filling fraction, the occupied single-particle states at zero temperature are easily identified on our meshed Brillouin zone (150 by 150). We then obtain the new local magnetic moments by evaluating the expectation values j out on each site. This process is iterated until the difference between j in and j out is less than a fixed tolerance, in our case
where n = x, y, z. We compare the results from twenty groups of such calculations and take the one with minimum free energy. Generally, we find magnetic phases for U > U c and the magnitudes of the local moments j increase with U . However, even for U < U c , a finite magnetic moment may be obtained due to finite-size effects. The finite size effect has been identified by varying the k-mesh of the Brillouin zone. We found | j | < 0.01 to be a robust criteria for which the system can be considered non-magnetic. In these cases, we reset the magnetic moments to zero. Figure 9 show the magnitudes of the net magnetic moments as function of U/t for the bilayer and TKT systems, respectively,
where the sum runs over the sites of the unit cell. In addition, Fig. 9 show the direct and indirect gaps. This information was used to distinguish between insulating and metallic phases. The topological properties were addressed by computing the Z 2 invariant for the timereversal symmetric phases and the Chern number for the magnetic phases.
